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6.3 Algebraic Proofs

In this lecture:

q Part 1: Disapproving and Problem-Solving  
q Part 2: Algebraic Proofs of Sets 

Set Theory

Mustafa Jarrar: Lecture Notes in Discrete Mathema=cs.
Birzeit University, Palestine, 2015

4,

Prove that: For all sets A, B, and C,    (A - B) U (B - C)  =  A - C ?
Example: All people except who are Palestinians with the set of Palestinians 
except who are female, are the same set as all people except who are female?

(Dis)proving
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Construct a concrete counterexample in order to confirm your answer and make sure
that you did not make a mistake either in drawing or analyzing your diagrams. One way
is to put one of the integers from 1–7 into each of the seven subregions enclosed by the
circles representing A, B, and C . If the proposed set property had involved set comple-
ments, it would also be helpful to label the region outside the circles, and so we place the
number 8 there. (See Figure 6.3.3.) Then define discrete sets A, B, and C to consist of all
the numbers in their respective subregions.
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Counterexample 1: Let A = {1, 2 , 4, 5 }, B = {2 , 3, 5 , 6}, and C = {4, 5 , 6, 7}.
Then

A − B = {1, 4}, B − C = {2 , 3}, and A − C = {1, 2 }.
Hence

(A − B) ∪ (B − C) = {1, 4} ∪ {2 , 3} = {1, 2 , 3, 4}, whereas A − C = {1, 2 }.
Since {1, 2 , 3, 4} ̸= {1, 2 }, we have that (A − B) ∪ (B − C) ̸= A − C .

A more economical counterexample can be obtained by observing that as long as
the set B contains an element, such as 3, that is not in A, then regardless of whether B
contains any other elements and regardless of whether A and C contain any elements at
all, (A − B) ∪ (B − C) ̸= A − C .

Counterexample 2: Let A = ∅, B = {3}, and C = ∅. Then

A − B = ∅, B − C = {3}, and A − C = ∅.
Hence (A − B) ∪ (B − C) = ∅ ∪ {3} = {3}, whereas A − C = ∅.
Since {3} ̸= ∅, we have that (A − B) ∪ (B − C) ̸= A − C .

Note Check that when
A = C = {4} and B = ∅,
(A − B) ∪ (B − C) ̸= A − C .

Another economical counterexample requires only that A = C = a singleton set, such
as {4}, while B is the empty set.
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Problem-Solving Strategy

How can you discover whether a given universal statement about sets 
is true or false? 
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6.3 Algebraic Proofs

In this lecture:
q Part 1: Disapproving and problem-Solving  

qPart 2: Algebraic Proofs of Sets 
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6.3 Disproofs, Algebraic Proofs, and Boolean Algebras 371

This law can be viewed as a general template into which any three particular sets can be
placed. Thus, for example, if A1, A2, and A3 represent particular sets, then

A1︸︷︷︸ ∩ ( A2︸︷︷︸∪ A3︸︷︷︸)=( A1︸︷︷︸∩ A2︸︷︷︸) ∪ ( A1︸︷︷︸∩ A3︸︷︷︸),
A ∩ (B ∪ C) = (A ∩ B) ∪ (A ∩ C)

where A1 plays the role of A, A2 plays the role of B, and A3 plays the role of C . Similarly,
if W, X, Y , and Z are any particular sets, then, by the distributive law,

(W ∩ X︸ ︷︷ ︸) ∩ (Y ∪ Z) = ((W ∩ X︸ ︷︷ ︸) ∩ Y ) ∪ ((W ∩ X︸ ︷︷ ︸) ∩ Z),

↕ ↕ ↕ ↕ ↕ ↕ ↕
A ∩ (B ∪ C) = (A ∩ B) ∪ (A ∩ C)

where W ∩ X plays the role of A, Y plays the role of B, and Z plays the role of C .

Example 6.3.2 Deriving a Set Difference Property

Construct an algebraic proof that for all sets A, B, and C ,

(A ∪ B) − C = (A − C) ∪ (B − C).

Cite a property from Theorem 6.2.2 for every step of the proof.

Solution Let A, B, and C be any sets. Then

(A ∪ B) − C = (A ∪ B) ∩ Cc by the set difference law

= Cc ∩ (A ∪ B) by the commutative law for ∩

= (Cc ∩ A) ∪ (Cc ∩ B) by the distributive law

= (A ∩ Cc) ∪ (B ∩ Cc) by the commutative law for ∩

= (A − C) ∪ (B − C) by the set difference law. ■

Example 6.3.3 Deriving a Set Identity Using Properties of ∅
Construct an algebraic proof that for all sets A and B,

A − (A ∩ B) = A − B.

Cite a property from Theorem 6.2.2 for every step of the proof.

Solution Suppose A and B are any sets. Then

A − (A ∩ B) = A ∩ (A ∩ B)c by the set difference law

= A ∩ (Ac ∪ Bc) by De Morgan’s laws

= (A ∩ Ac) ∪ (A ∩ Bc) by the distributive law

= ∅ ∪ (A ∩ Bc) by the complement law

= (A ∩ Bc) ∪ ∅ by the commutative law for ∪

= A ∩ Bc by the identity law for ∪

= A − B by the set difference law. ■

To many people an algebraic proof seems more attractive than an element proof,
but often an element proof is actually simpler. For instance, in Example 6.3.3 above,
you could see immediately that A − (A ∩ B) = A − B because for an element to be in
A − (A ∩ B) means that it is in A and not in both A and B, and this is equivalent to
saying that it is in A and not in B.
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Algebraic Proofs
Deriving a Set Difference Property

Construct an algebraic proof that for all sets A, B, and C,
(A ∪ B) − C = (A − C) ∪ (B − C). 
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Algebraic Proofs
Deriving a Set Identity Using Properties of ∅

Construct an algebraic proof that for all sets A and B,
A − (A ∩ B) = A − B.
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