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Set Theory
Basics of Sets

In this lecture:

ﬁﬂ Part 1: Basic Concepts and Notations

[ Part 2: Subsets, proper subsets, and Set Equalities

L] Part 3: Operations on Sets

L] Part 4: Formalizing Statements in Set Theory

[ Part 5: Empty Sets

L] Part 6: Partitions of Sets

U Part 71: Power Sets & Cartesian Products 3

History

Set theory is the branch

of mathematical logic that
studies sets, which informally are
collections of objects.

Initiated by Georg Cantor in 1870s

Georg Cantor
1845 -1918

Born in Saint Petersburg, Russia
Moved to Germany 1856

PhD: University of Berlin 1867
Work: University of Halle
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Basic Concepts and Notations

Cantor suggested a set as a:

“collection into a whole M of definite and separate objects of
our intuition or our thought”.

M = { Ali,Adam, Sara }

Each object is called an element (or member of) of M.
AlieM ( Ali belongs to M)
Rami ¢ M ( Rami does not belong to M)

Basic Concepts and Notations

The order of elements is irrelevant
{Ali, Adam, Sara} = {Adam, Sara, Ali}

Redundancy is not allowed
{Ali, Adam, Adam, Sara}

A set can be an element inside another set
{1,{1}} has two elements

Notation of elements

{Ali} # Ali different elements
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Defining Sets by a Property

A={x€S|Px)
/ \

The set of all Property
Examples: x is dummy

The set of all integers that are more than -2 and less than 5

(xEZI2<x<5)

The set of all persons who born in Palestine
{x € Person | BornIn(x, Palestine) }

The set of all persons who born in Palestine and love Homus
{x € Person | Bornln(x, Palestine) A Love(x, Homus)}

Set Versus Element

In Set theory = Set VS. Element < Mathematical Set

miava=> - (Class vs. Object

In Logic/Philosophy = Concept VS. Instance

- The extension of a set = its elements.

- In set theory: an element itself might be a set.

- In philosophy, an instance has no instances.
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In this lecture:

[ Part 5: Empty Sets
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ACB

OK

Subsets

A jal) de sanal)

& Vi, if x €A then xEB.

10
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Subsets Versus JAVA SubClasses

Animal = {x € LivingOrganism | CanMove(x)}
Human = {x € Animal | HasMind(x) A Utter (x)}

Woman = {x € Human | GivesBirth(x)}

Woman € Human €S Animal

Every subclass inherits the properties of its
super class, thus:

* Human is a living organism that can move,
has mind and utter.

* Woman is a living organism that can move,
Woman

— has mind and utter, and able to give birth.

Distinction between € and C
Which of the following are true statements?

2€{1,2,3}

X {2} € {1,2,3}

X2¢g{1,2,3}
2} €{1,2, 3}

X {23 {{1}, {2}}
{2} € {{1}, {2}}

12
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Subsets Notations

Not Subset:
AZBe3dx.xeAandx ¢ B

Notations:

A= B A equals B

AcB B>A  AissubsetofB

ASB B2A  Aissubsetorequal of B

A ¢ B B » A Aisnotasubset of B

AZB B2 A Aisnotasubsetbutnotequal of B
AEB B 2A  Aisasubset but not equal of B

Examples: Person D Man, Z>Z+, R>OZ

13
Proper Subsets
Let A and B be sets. A is a proper subset of B if, and only if, every element
of A is in B but there is at least one element of B that is not in A.
Examples of proper subsets:
Man & Person
14




Venn Diagrams

@) (5

A
rEp @ ‘0
John Venn, British
(1834-1923)
Represented sets as diagrams in1881.
used to teach elementary set theory,

" Z: integers numbers (fassaa 3lac')
Q: rational numbers (dxsi Jac)
R: real numbers (4 slacl) =

Proving and Disproving Subset Relations

Define sets A and B as follows:
A={m€Z | m=6r+12 for somer € Z}

B={n€Z | n=23sforsomes € Z}.

Prove that ASB.
Suppose x is a particular but arbitrarily chosen element of A.

Show that x € B, means show that x = 3-(integer).

x =6r+12
=3-2r+4).
Let s =2r+4.
Also, 3s =3(2r+4)
=6r+12
=X

Therefore, x is an element of B. 16
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Set Equality

Definition

Given sets 4 and B, 4 equals B, written 4 = B, if, and only if,
every element of 4 is in B and every element of B is in 4.

Symbolically: A=B & ACSB and B CA.

Example: Define sets A and B as follows:
A={m € Z|m=2a for some integer a}

B={n€ZI|n=2b-2 for some integer b}
IsA=B?

Yes. To prove this, both subset relations A € B and B € A must be proved.
Part 1, Proof That A € B:

Part 2, Proof That B € A:
..... 17
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Operations on Sets

one of A or B.

Let A and B be subsets of a universal set U.

1. The union of A and B, denoted A U B, is the set of all elements that are in at least

2. The intersection of A and B, denoted A N B, is the set of all elements that are
common to both A and B.

3. The difference of B minus A (or relative complement of A in B), denoted
B — A, is the set of all elements that are in B and not A.

4. The complement of A, denoted A°, is the set of all elements in U that are

not in A.

Symbolically: AUB={xeU]|x e Aorx € B},
ANB={xeU]|x € Aandx € B},
B—A={xeU|xeBandx ¢ A},

A={xeU]|x ¢ A}
19
Operations on Sets
U U U
Shaded region Shaded region Shaded region Shaded region

represents A U B.

represents A N B.

represents B — A.

represents A°.

20
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Distinction between N and A

Between

Between sets Y M and A 7 predicate and

propositions
U and V

21

Indexed Collection of Sets

Unions and Intersections of an Indexed Collection of Sets
Given sets Ag, A, A, ... thatare subsets of a universal set U and given a nonneg-
ative integer n,

n

UAi ={xeU]|xe€ A, foratleastone i =0,1,2,...,n}

=0

[o¢]

U A; = {x € U | x € A; for at least one nonnegative integer i}

=0

n
(Ai={xeU|xeAforall i=0,12,....n}
=0

o0
ﬂ A; = {x € U | x € A; for all nonnegative integers i}.
=0

22
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Finding Unions and Intersections of
More than Two Sets
For each positive integer i, let A;= {x €eR|—1<x< l} = A = (—l l)
A;: set of all real numbers between -1 and 1

A,: set of all real numbers between -1/2 and 1/2
Aj: set of all real numbers between - 1/3 and 1/3

Find A, U A, U A; =(—1.1), because (-%, %)(—%, %) included
. 11 11
Find A; N A, N A, = <—§, §) , because (-1,1)(—5, 5) are included
o0 0
Find Ul A =(-1,1) Find ﬂ A; =0}
1=

1=

23

Mustafa Jarrar: Lecture Notes in Discrete Mathematics.
Birzeit University, Palestine, 2015

Set Theory

Basics of Sets

In this lecture:

0 part 1: Basic Concepts and Notations
Ul Part 1: Subsets, proper subsets, and Set Equalities
L] Part 3: Operations on Sets

ﬁu part 4: FOormalizing Statements in Set Theory

[ Part 5: Empty Sets

1 Part 6: Partitions of Sets
L] Part 7: Power Sets & Cartesian Products

24

12



Formalizing Statements in Set Theory

All smart students
Smart N Student

Students who are not Smart

Student N Smart® / Student - Smart

There are no smart students from Palestine

Smart N Student N Palestinian = @

25

Formalizing Statements in Set Theory

There are no smart students from Palestine among the winners

Smart N Student N Winner N Palestinian = @

All Palestinian Americans except Women

(Palestinian N American) — Women / Palestinian N American N
women®

All Students except Ali
Students — {Ali}

26
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The Empty Set

The empty set is not the same thing as nothing; rather, it is a set

be overcome by viewing a set as a bag—an empty bag
undoubtedly still exists.

Example: the set D={x ER | 3 <x<2}.
Axioms about the empty set:

VA.Q CA VA.AXxQ=0
VA.AUDCA VA.AXQ=A=0
VA.ANDCP

concept, it remains an ontological curiosity, whose meaning and
usefulness are debated by philosophers and logicians.

’

with nothing inside it and a set is always something. This issue can

While the empty set is a standard and widely accepted mathematical

28
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Disjoint Sets

e Definition

Two sets are called disjoint if, and only if, they have no elements in common.
Symbolically:

A and B are disjoint < ANB=/0.

Man N Woman =@

o Definition

Sets A, A, Az ... are mutually disjoint (or pairwise disjoint or nonoverlapping)
if, and only if, no two sets A; and A; with distinct subscripts have any elements in
common. More precisely, foralli, j = 1,2, 3, ...

AiNA; =0 wheneveri # j.
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Partitions of Sets
e gals pruss

 Definition

A finite or infinite collection of nonempty sets {A;, A, Az ...} is a partition of a
set A if, and only if,

1. A is the union of all the A;

2. The sets Ay, Ay, As, ... are mutually disjoint.

A

b Man n Woman = @

Person = Man U Woman

Example

Let Z be the set of all integers and let
Ty={n€Z|In=3k, forsome integer k},
T,={n€Z!|n=3k+ 1, for some integer k},
T,={n€Z!|n=3k+?2,for some integer k}.

Is{T,, Ty, T,} a partition of Z?

Yes. By the quotient-remainder theorem, every integer n can be
represented in exactly one of the three forms

n=3k or n=3k+1 or n=3k+2

It also implies that every integer is in one of the sets 7, T, or 7T>.
SoZ=TUT UT..
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Power Sets

e Definition
Given a set A, the power set of A, denoted &2 (A), is the set of all subsets of A.

Find the power set of the set {x, y}. That is, find 42 ({x, y})

={0, {x}, ), ey

34
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n-tuples

Let n be a positive integer and let xj, xp,...,x, be (not necessarily distinct)
elements. The ordered n-tuple, (x;, x3, ..., Xx,), consists of x|, x, ..., x, together
with the ordering: first x, then x,, and so forth up to x,,. An ordered 2-tuple is called
an ordered pair, and an ordered 3-tuple is called an ordered triple.

Two ordered n-tuples (xy, x2, ..., x,) and (y1, y2, ..., y,) are equal if, and only
if, x1 = y1, % = y2, .., Xn = Y-
Symbolically:

(X1, %2, oo s X)) = V1, Y25 -5 V0) S X1 =Y1L,X2=Y2, ..., Xy = Yp.

In particular,

(a,b) =(c,d) & a=candb=d.

Order n-tuples:
Is (1,2) =(2,1)?

Is (3, (-2)% 1/3) = (v9,4,5)? o

Cartesian Products

Given sets Aj, Ay, ..., A,, the Cartesian product of A, A,,..., A, denoted

A1 XAy X ...xA,, is the set of all ordered n-tuples (aj,ay,...,a,) where
a) € Al,az GAQ,...,an EA,,.

Symbolically:

A1 X A2 X - X A,, = {(al,ag,...,a,,)lal € A],dg € Az,...,an € An}.

In particular,

Ay x Ay ={(a1,az) |a; € Ay and a; € Ay}

is the Cartesian product of A; and A,.

Example: Let A, = {x, y}, A, ={1,2,3}, and A, = {a,b}.
A XA, =
={(x,1),(x,2),(x,3),(y,1),(»,2),(y,3)}

11/25/18
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Example

Let A= {Ali, Ahmad},
B = {Al, Dmath, DB},
C = {Pass, Fail}

Find (A x B) x C =

Find AxBxC=

37
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